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Recent observational data suggests a high compacticity (the quotient M/R) of some
”neutron” stars. Motivated by these works we revisit models based on quark-diquark
degrees of freedom and address the question of whether that matter is stable against
diquark disassembling and hadronization within the different models. We find that
equations of state modeled as effective λφ4 theories do not generally produce stable self-
bound matter and are not suitable for constructing very compact star models, that is
the matter would decay into neutron matter. We also discuss some insights obtained by
including hard sphere terms in the equation of state to model repulsive interactions. We
finally compare the resulting equations of state with previous models and emphasize the
role of the boundary conditions at the surface of compact self-bound stars, features of a
possible normal crust of the latter and related topics.
1. Introduction
Recent works on compact stars have attracted the attention because not only the
masses may be determined, but also indications of the radii are available for the
first time. In some cases the compactness of the sources has been claimed, athough
these results have yet to be confirmed carefully. Nonetheless, it is worthwile to
entertain the possibility that at least some compact stars are extremely compact,
or in other words, that their radii are ∼ 30− 40% less than the ”canonical” 10 km
favored by neutron matter models for M ∼ 1M⊙.
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Claims of high compactness from the analysis of the binary Her X-1 1,2(M =
0.98± 0.12M⊙ and R = 6.7± 1.2 km) and of the isolated nearby RX J185635-3754
3 (M ≈ 0.9M⊙ and R ≈ 6 km ) have been made. In both cases, the results have
been revisited and challenged by other groups 4,5 which found radii in the ballpark
of conventional neutron star models. This stresses the cautionary remarks made
by several researchers about the high-compactness objects and guarantees further
studies, already undertaken in most cases. We should add that Li et al. 6 have
also added an argument about the source 4U 1728-34, showing that conventional
accretion models would indicate a very compact source, as quantified by their limit
in the mass-radius plane. Again the actual distance to the source is a matter of
concern. If really present in these sources compactness would be extremely difficult
(and perhaps impossible) to model using underlying equations of state based on
ordinary hadrons alone, and a natural alternative would be to consider deconfined
matter (or other component, like kaon matter or hyperons). Other stars that have
been claimed to be made up of deconfined matter are the compact objects associated
with the X-ray bursters GRO J1744-28 7, and SAX J1808.4-3658 8.
It is widely believed that at high temperatures and/or high baryon number
densities deconfinement of color is achieved. It is not very clear how high the densi-
ties/temperatures must be because of the extensively discussed failure of perturba-
tive expansions around the transition point. The physical realization of deconfined
matter immediately above the deconfinement point is also doubtful. The phase
structure seems to be very rich and lattice simulations suggest that ”asymptotia”
is not sharply reached. There is an expectation that diquarks (e. g. a spin-0, color-
antitriplet bound state of two quarks) might occur as a component in the QCD
plasma in these conditions (see Ref. 9 and references therein for a review). Such
diquarks would be expected to be favored by Bose statistics. If bound, the diquark
binding energy would also contribute in making this phase favorable to ordinary
uncorrelated quark matter. At very high densities diquarks are expected to lose
their identity and must eventually dissolve into quarks, even if (as stated) there is
no consensus about the onset of the asymptotic regime.
As a working hypothesis, we shall treat diquarks as single entities, and explore
the possibility of a quark-diquark phase being absolutely stable, quite analogously
to the well known strange quark matter hypothesis. The difference here is that we
shall not invoke a new quantum number to bind the mixture, this role is partially
played by the expected bosonic character of diquarks.
We stress that absolute stability of the mixture does not require the diquark itself
to be bound (see Ref. 10, where a value of mD ∼ 700MeV has been claimed), but
rather that the energy per baryon of the quark-diquark mixture to be less than the
nucleon mass. The functional form of the free energy may or may not allow this to
happen, and therefore the model-dependence of the description is the actual motive
of concern, rather than the exact value of the diquark mass at a given density. As
we shall see, this is crucial within λφ4 theories. We shall return to this point later.
We devote the next two sections to discuss the effective models of the quark-diquark
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phase and present a critical appraisal in the last section.
2. Bag-inspired quark-diquark Model
2.1. The equation of state
Some time ago it was the interesting controversy about the compactness of Her
X-1 that prompted two of us 11 to consider models in which diquarks are considered
fundamental degrees of freedom and treated as effective bosons. The results were
derived using an effective λφ4 model and the equation of state given in 12, shown to
be valid in this case. This approach goes back to Refs.13,14 in which similar bosonic
diquark dynamics were employed.
In constructing the EOS for quark-diquark matter there are some quantities that
had to be treated parametrically: the diquark mass mD, a vacuum energy density
B and the coupling constant λ . In fact, the effective character of this description
allows for other possibilities than the previously selected (mD = 575MeV , B =
57MeV fm−3, λ = 27.8) to be considered.
Following the approach of Ref. 11 we have modeled the quark - diquark plasma
at zero temperature as a mixture of a free Fermi gas of u and d quarks, and a ud
diquark gas treated in the framework of a λφ4 theory. Confinement is introduced
by hand by means of a phenomenological bag constant B.
As shown by Donoghue et al. 13 a λφ4 theory leads to a quadratic expression
for the pressure of a pure diquark gas in the low-density regime (valid for densities
up to ∼ 10× ρ0, being ρ0 the nuclear saturation density
14):
PD =
λ
2m2D
n2D (1)
whereas the energy density is given simply by a rest mass term mDnD. Therefore,
the full EOS is quite simple and given by
P =
λ
2m2D
n2D +
1
5
π4/3h¯
mq
(n5/3u + n
5/3
d )−B, (2)
ǫ = munu +mdnd +mDnD +
3
10
π4/3h¯
mq
(n5/3u + n
5/3
d ) +B, (3)
and must be subject to the following conditions:
1) chemical equilibrium between diquarks and quarks, D ⇀↽ u+d, which requires
µD = µu + µd
ǫD + PD
nD
= µu + µd, (4)
2) bulk electrical charge neutrality (1/3)nD + (2/3)nu − (1/3)nd = 0,
3) baryon number conservation nB = (2/3)nD + (1/3)(nu + nd).
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Once the parameters B, λ and mD are given, the equation of state can be
calculated for a given value of, for example, nD. Note that we did not include strange
quarks in the admixture, thus ignoring CFL phases 15. Rather than extrapolating
down in density (as done for CFL models), we work ”bottom up” here by postulating
a gradual lose of correlations (diquarks) starting from the deconfinement point.
2.2. Effective hard-sphere model : interactions in the quark-diquark
mixture
The effective models of a quark-diquark mixture based on a λφ4 theory do
not say much about some fundamental questions. One of these is the strength of
the repulsion between particles, which is closely related to their size and must be
guessed by resorting to experimental data. Alternatively, the interactions may be
modeled with a potential at relatively low densities, the latter being much more
amenable to well-known analysis. It would be desirable to have a better insight
to this and related questions since, in principle, the diquark size and scattering
behavior are measurable (see Ref. 9 and references therein). We can account for
this by introducing a scattering length in both the pressure and energy density of
the Bose gas 16,17. Thus, we can consider the following expresions for the pressure
and the energy density of diquarks
PD =
4πa
mD
n2D (5)
ǫD =
4πa
mD
n2D
(
1 +
128
15π1/2
(a3nD)
1/2
)
(6)
As shown below quantitatively (and expected qualitatively), the repulsive in-
teractions makes the quark-diquark mixture less favourable energetically than the
”optimal” Fermi-Bose mixture (see also Ref. 17).
As the diquark pressure depends on n2D in both the λφ
4-based EOS and the
approximation of the present section, we can establish immediately a relation be-
tween the coupling constant λ and the scattering length a by equating the pressure
in both approaches. This gives
λ = 30.6×
(
a
0.4fm
)(
mD
600MeV
)
. (7)
It is interesting to note that although the comparison is very crude, it gives a
kind of self-consistent result: the scattering length reflects the diquark size, which
is expected to be of the order of the typical instanton radius, i.e. 1/3 fm 17. For
a ”reasonable” diquark mass of 600MeV the above formula gives a value of the
coupling constant which is very close to the claimed value 13 of λ = 27.8 .
3. Stability of quark-diquark matter
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Different compositions for diquark matter have been analyzed in the literature.
Although it is not clear at all whether any of these compositions can actually happen
in neutron stars, a mixture of quarks u and d and ud diquarks is perhaps the simplest
possibility since it may be thought to arise from pure neutron matter deconfinement,
and therefore it seems a good starting point for our analysis. Weak interaction
decays must alter this simplest composition and remains to be studied in detail.
It is usually assumed as a criterion for stability of a given deconfined EOS that
the energy per baryon of the deconfined phase (at P = 0 and T = 0) must be lower
than 939MeV (the neutron mass). The effect of considering a scattering length
amplitude a (or, equivalently, a positive value of λ) makes more difficult for the
quark-diquark matter to fulfill this condition and therefore to be absolutely stable.
With the above condition we can determine the set of parameters B, mD and λ
(or a) that gives a stable EOS (see Figures 1 and 2). Except for a marginal choice
of the parameters (e. g. B ∼ 10MeV fm−3, λ ∼ 10 and very small diquark masses
mD ∼ 400MeV , the EOS posses an energy per baryon higher than the neutron
mass. That is, it seems difficult that in the frame of a λφ4 theory quark-diquark
matter could be the ground state of strong interactions.
Another condition that has to be considered is the empirically known stability
of normal nuclear matter against deconfinement at zero pressure. In other words
the energy per baryon of deconfined matter (a pure gas of quarks u and d) at zero
pressure and temperature must be higher than the neutron mass. In the framework
of a MIT-based EOS it has been shown that this condition imposes that the MIT
bag constant must be greater than 57 MeV fm−3 (see Ref. 18). This is marked in
Figs.1 and 2 with vertical lines.
4. Discussion
We have found in this work that for a wide range of the bag constant B, the
diquark mass mD and the coupling constant λ, the quark-diquark mixture has an
energy per baryon higher than the neutron mass. Absolute stability is obtained
only for very low values of B, and mD, if at all.
Within this description diquarks are favoured over a pure mixture of quarks u
and d due to their Bose character and eventually its hypotetical binding energy.
However, we must note, as stressed in Ref. 19, that the effect of Bose condensation
seems to be much more important for quark-diquark matter self-binding than the
binding energy of the diquark itself. In other words, even an unbound diquark may
have left room for stable quark-diquark matter, although this is finally not the case,
at least within this model. Recently, detailed calculations of the equation of state
have been performed in a model in which confinement and masses are related, as
the quark mass-density-dependent model, finding a wide set of parameters for which
quark-diquark matter is stable 19. Therefore the absolute stabilty of quark-diquark
matter seems to be quite model dependent.
A corollary of these findings has a big potential impact on compact star models
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made up of quark-diquark matter. Without repeating the analysis here, we just
point out that (as expected) in the frame of the λφ4 model a self-bound quark-
diquark mixture indeed produces very compact models. The mass-radius relation
of quark-diquark models presents the same qualitative shape as the curves found
for strange stars . This is a direct consequence of the existence of a zero pressure
point at finite density (of the order of the nuclear saturation density). However,
although they give a very compact star structure, models based in the λφ4 model
are not found to be stable against hadronization, although those based on quark
mass-density dependent are 19. Therefore we do not claim a statement about the
binding energy of quark-diquark matter but rather a feature of the particular model
description of the equation of state.
The work of Ref. 20 has discussed how to check the viability of a quark-diquark
picture of the source Her X-1 (claimed to be a strange star in Refs. 1 and 2 by
using an approach pioneered by Vaidya and Tikekar 21, in which a fluid is found
to support a given geometry. The proposed quark-diquark mixture is one such
a fluid and the authors calculations seem to agree with previous works. This is
quite expected, although the proof may have helped to enlighten the issue. The
authors have criticized the boundary conditions used in former works and also
the (claimed) inconsistency between the models of Ref. 11 and a deconfinement
density higher than the outer densities found. However, we believe that this is a
misleading argument since the feature happens in all self-bound stars made out of
(hypothetic) self-bound states like SQM. In the latter, the pressure has always a
zero for a non-zero value of the energy density, and this energy density is always
lower than the deconfinement density. Therefore the boundary condition at the
surface is adequate because the radius is found by imposing P = 0 there, and the
total energy density is non-zero in a perfectly consistent way. These ”pure” quark
or quark-diquark stars without any crust are certainly more compact than any
counterpart having a normal crust. It is also well known that there can not be in
these models a coexistence of both types of matter because the lower (exotic) energy
state would swallow the normal matter liberating energy. In quark-diquark models a
possible normal crust must be supported by electrostatic forces as well, and therefore
it is the charge density at the surface which determines the mass of the former.
No electrostatically supported crust is possible without electrons, not present here
because of the assumptions of the model. Should a more complete model been
developed (including strange quarks and detailed beta equilibrium), a tiny crust may
have been added, analogously to strange star models and with a similar thickness
∼ 100m. Given that the uncertainties in the microscopic description of the quark-
diquark phase are likely to have a much larger effect on the radius than the presence
or absence of a normal crust, we think that this is not really an issue unless very
detailed models have to be constructed. However, the message here is that there is
no inconsistency whatsoever in the surface boundary conditions and, of course, also
no ”large” crusts unless the electrostatic forces happen to be orders of magnitude
more important than for strange stars. Given the state-of-the-art of quark-diquark
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models, more studies are guaranteed to see whether they may play a role in compact
star structure.
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Fig. 1. The energy per baryon for quark-diquark matter within the λφ4-based EOS as a function
of the bag constant B, for different values of the coupling constant λ. The mass of quarks u and
d is set to 360MeV and the diquark mass to mD = 400MeV . In order to be absolutely stable
the energy per baryon must be lower than 939MeV (horizontal line) and the bag constant must
be greater than 57MeV fm−3 (vertical line) . This condition is never fulfilled. If we relax the
condition imposed on B there is a small region in the parameter space where stability is allowed.
Fig. 2. The same as the previous figure but for mD = 600MeV . Absolute stability is never
fulfilled even if we relax the condition imposed on B.
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